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Abstract
We show that the integral form of some star products can be written in the path-
integral forms by multiple star products method. This method can be applied
to some examples. Especially, the symmetrized Berezin star product that we
proposed in [SW], is associative only if the manifold is flat. The associativity in
the case of Ricci flat Ka¨hler manifold is recovered in the continuous time limit
of multiple star products.
1 Introduction
1.1 Physical Background
In recent years, the relation between super string theory and deformation quan-
tization has been explored. D-branes, the boundary of open strings, are non-
perturbative object of super string theory. D-brane actions were proposed in
the Matrix Model [IKKT][BFSS] a few years ago. It is shown that the stable
solution of this action is non-commutative manifold [CDS][AIIKKT]. This non-
commutativity, however, comes from the Moyal quantization. So, this solution
is flat D-brane. If we regard some D-brane as space-time, we should study a
deformation quantization of curved space in order to realize quantum gravity.
1.2 Mathematical Background
About 50 years ago, the star product was rst introduced which is now known
as Moyal product[Mo]. Moyal changed operator non-commutativity into a prod-
uct one. Here, operators are mapped into functions by taking account the Weyl
ordering. Weyl ordering means (skew-)symmetric denition as we will see later.




He succeeded to quantize some Ka¨hler manifold e.g. sphere and pseudo-sphere.
In recent year, Berezin quantization has been generalized to arbitrary Ka¨hler
manifold[RT]. Berezin quantization, however, is dened asymmetric, hence not
a generalization of Moyal one. In this paper, we attempt to (skew-)symmetrize
the Berezin quantization by means of multiple star product method. Multiple
star products reduce to a path-integral form in continuous limit. As a result,
our formulation turns similar to the path-integral form of Kontsevich quan-
tization. Namely, the Kontsevich quantization was dened perturbatively on
Poisson manifold[Ko], but also able to be described by a bosonic string path-
integral[CF]. Especially in the flat case, our star product coincides with the
Kontsevich star product.
1.3 Construction
This paper consists of the following sections. In the 2nd section, we review the
deformation quantization, especially Moyal [Mo], Berezin [Be][MM], Kontsevich
[Ko][CF] quantization. In the 3rd section, we study the symmetrized Berezin
star(S-star) product dened in [SW]. The S-star product of integral form is
associative only if the manifold is flat. The associativity in the case of Ka¨hler
manifold is recovered in the continuous time limit of multiple S-star product.
We call this product O-star product. The 4th section includes discussions.
2 Deformation Quantization
This section includes the denition and property of deformation quantization.
We will review Moyal, Berezin and Kontsevich quantization briefly.
2.1 General Definition and Property
Deformation quantization is provided by a star product, which is dened by





1.  is a deformation parameter.
2. f; g 2 A = C1(M)[[]]
C1(M)[[]] means that the coecients of  power series are C1 functions
on M .
3. Bm are bi-dierential operators. (Bm : AA! A)
Deformation quantization has the following property.
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1. associativity
f  (g  h) = (f  g)  h: (2)
2. m = 0
B0(f; g) = fg: (3)
3. m = 1





where f; g is a Poisson bracket and satises
ff; fg; hgg+ fg; fh; fgg+ fhff; ggg = 0; (5)
or skew-symmetric bivector eld  satises with
il@l
jk + jl@lki + kl@lij = 0: (6)
It is showed that one or more deformation quantization (or star product) deter-
mined by (2)(3)(4) exist. Beside, the deformation quantization has the following
equivalence.  and 0 are identied if
 ! 0 ; f ! f 0 = Df ; g ! g0 = Dg ) f 0 0 g0 = D(f  g); (7)
where D is a dierential operator (D : A! A). However, we look at two simple
gauges in this paper. One is the original denition i.e. (4). The other gauge is
B1(f; g) = ij@if@jg (8)
where  is the upper triangle matrix of  . So we call the denition by (4) (skew-
)symmetric and by (8) asymmetric. We have three examples of deformation
quantization, which are put together in the following table.
Manifold flat Ka¨hler Poisson
Quantization Moyal Berezin Kontsevich
Symbol ? <? 
m = 1 sym asym sym
where sym and asym mean (skew-)symmetric and asymmetric.
2.2 Moyal Quantization
Moyal quantization is dened by the following star product.
f ? g(x; p) = ei(@x@p0−@p@x0 )f(x; p)g(x0; p0)jx0=x;p0=p: (9)
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We perform the Moyal star product of Fourier components in order to obtain










































Thus, we obtain the integral form after multiplying arbitrary Fourier coecients
and integrating over m;n.








 Sf(; )g(0; 0): (12)
2.3 Berezin Quantization
The original Berezin quantization covers only Ricci flat manifold z. Berezin
quantization is dened by




 (z;z;v;v)d(v; v); (13)
where (z; z; v; v) is called Calabi function and dened by Ka¨hler potential
K(z; z) as
(z; z; v; v) = K(z; v) +K(v; z)−K(z; z)−K(v; v): (14)













‡Berezin quantization can be generalized to arbitrary Ka¨hler manifold as [RT]. However














Calabi function clearly satises
(z; u; v; v) + (z; z; u; u) = (v; z; u; u) + (z; z; v; v);









Kontsevich quantization covers Poisson manifold (M) . Poisson manifold is a
general manifold with Poisson structure. Kontsevich denes the quantization of
Poisson manifold by a formal power series of h .







Here !Γ and BΓ are given like as Feynman diagram [Ko]. Besides, Cattaneo and
Felder have shown that the Kontsevich quantization (16) coincides with path
integral form of topological bosonic string (non-linear sigma model).










i(u) ^ dX i(u) + 12
ij(X(u))i(u) ^ j(u);
and
1. X and  are real bosonic elds,
2. D = fu 2 R2 ; juj  1g,
3. X : D !M ,
4.  is dierential 1-form on D : X(T M)⊗ T D.
In the symplectic case, the action can be integrated over  and becomes bound-
ary integration by Stokes’s theorem. Here we write (17) in the case of M = R2
because we will identify Moyal quantization with Kontsevich quantization in
the flat case later.










where the domain γ is (−1;1) and





3 Symmetrized Berezin star product
We clarify the relationship between Moyal and Berezin quantization. So, we
dene the S-star product like in [SW]. The S-star product is not associative but
multiple star products method overcomes this risk.
3.1 Relationship between Moyal and Berezin Qantization
Berezin quantization in the flat case, coincide with Moyal quantization except for
(skew-)symmetry or asymmetry. This dierence is explained as follows. First,
we write Moyal quantization in complex variables to make clear corresponding
to Berezin quantization,
f ? g(z; z) := e(@z0@z¯−@z@z¯0)f(z; z)g(z0; z0)jz=z0 ; (19)
where z = z0 means (z; z) = (z0; z0) . Here, we separate ? into two parts ?st and
?ar.
1. ?st






0z−z−z0)=f(z; )g(; z0)jz=z0 : (20)
2. ?ar






+zz0−z0−z)=f(; z)g(z0; )jz=z0 : (21)
.
Here ?st coincides with the Berezin star productx. Clearly, Moyal star product
(19) is constructed by ?st and ?ar as follows.















§More precisely, ?st is the product of covariant symbol and ?ar is the product of contravari-
ant symbol. [Be] includes the explanation about covariant and contravariant symbol. Also





















We dene Symmetrized Berezin star product(S-star 2? ) by above analog.
f 2? g(z; z) :=
Z
d(; )d(; )









f(; )g(; ): (23)
(23) equals to (22) because of K(z; z) = zz . This star product, however,
does not satisfy the associativity. This complication will be solved after next
subsection.
3.2 Berezin Multiple Star Product
Bar-Moshe and Marinov derived the partition function on Ricci flat Ka¨hler
manifold by multiple Berezin star product[MM].
Z = e
i"



















where they put periodic boundary condition.
(1) = (N+1) = z:
We will show that Kontsevich star product in the flat case coincides with
multiple Moyal star products in continuous limit. However the asymmetry of
Berezin star product complicates that multiple star product reduces to path
integral form. So we proposed symmetrized Berezin star product (23).
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3.3 Associativity of Symmetrized Berezin Star Product
In this section, we attempt to recover the associativity of S-star product. Asso-
ciativity means
f  (g  h) = (f  g)  h: (25)
We write lhs and rhs in the case of  = 2? ,













 S3(;)f(3; 3)g(2; 2)h(1; 1); (26)



















(j+1; j+1; j ; j)− (j+1; j+1; j ; j); (28)




d(j ; j)d(j ; j):
Here we change variables  $  and indices 1 $ 3 in (27),













(j−1; j−1; j ; j)− (j−1; j−1; j ; j); (30)
z = 0 = 0 ; z = 0 = 0:
The dierence of (26) and (29) is only the one of S3(; ) and −S03(; ) . Thus
we perform the sum of S3(; ) and S03(; ) ,












z = 0 = 4 = 0 = 4 ; z = 0 = 4 = 0 = 4; (32)
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S3 + S03 becomes total derivative and S3  −S03 in continuous limit. Thus
multiple S-star product in continuous limit reduces path integral form in order
to recover associativity. The path integral form of Symmetized Berezin star
product(O-star ©? ) is dened as follows,
f©? g(z; z) :=    12? 12? f 2? 12? 1    12? 12? g2? 12? 1   
=
Z
















( −  0)@
@













and multiple 2? in (33) is illustrated in Figure 1. Also 2? in (33) is modied 2?
in the denition (23) by changing variables
 !  ;  !  ;  !  ;  ! :
Hence the symmetrized Berezin star product is dened as O-star product cor-
rectly. The associativity is satised as illustrated in Figure 2.
























Figure 1: We illustrate only seven 2? , six 1 and f , g to make clear the meaning
of ©? .This gure is an image after performing the multiple 2? products. Here











































Figure 2: If we denote O-star product by a circle, the associativity is shown as
above. Here  point means the boundary of O-star product as (z; z) .
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4 Discussions
We have three comments about O-star product in the flat case. First prepara-
tory to these comments, we write multiple Moyal star product in continuous
limit, i.e. O-star product in flat case,
M(f) := lim
N!1
































where ; ; 0; 0 are real elds and
x = (1) = 0(1) ; p = (1) = 0(1):
This result corresponds to the O-star product in the flat case except that the



















M(f) is very useful as a representation of multiple Moyal star product of arbi-
trary functions f ’s. Our comments are explained by using M(f) as follows:
1. Hamiltonian multiple Moyal star products coincide with the transition
amplitude in quantum dynamics. If we put in (35)
f( ;x; p) =
8>><
>:
 I(x) ( = tI)
 F (x) ( = tF )
e−
i
h¯ H(x;p) (tI <  < tF )
1 ( < tI ; tF < )
;
we obtain
M(f) =    ? 1 ?  F (x) ? e− i"h¯ H(x;p) ?    ? e− i"h¯ H(x;p) ?  I(x) ? 1 ?   
=
Z






 @@ − 2h¯ H(;)

d
= h F ; tF j I ; tIi; (36)
where integration of  < tI ; tF <  vanishes because of f( ;x; p) = 1 . If
 = h2 then F (f) becomes the transition amplitude.
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2. A bosonic string generating function can be derived from innite dimen-
sional multiple Moyal star products. In (35), we put

































Here, we generalize x ! xn; ; p ! pn where n runs from 0 to 1 and 
runs from 1 to dimension d . n can be changed to continuous parameter




















































; DX = DD:
M(g) becomes a bosonic string generating function. More details are in
[SW].
3. The O-star product coincides with Kontsevich one in the flat case. O-
star product in flat case is constructed by Multiple Moyal star product as
follows. If we put
h( ;x; p) =
8<
:
f(x; p) ( = 1)
g(x; p) ( = 0)
1 ( 6= 0; 1)
;
then
f©? flat g(x; p) = M(h)













where boundary conditions are
(x; p) = ((1); (1));




















Thus if  = h2 , the O-star product in flat case (39) coincides with (18).
We expect that the O-star product coincides with Kontsevich star product
in Ricci flat Ka¨hler manifold.
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